Black holes offer an exciting area to explore the nature of quantum gravity. The classic work on Hawking radiation indicates that black holes should decay via quantum effects, but our ideas about how this might work at a technical level are incomplete. Recently Almheiri-Marolf-PolchinskiSully (AMPS) have noted an apparent paradox in reconciling fundamental properties of quantum mechanics with standard beliefs about black holes. One way to resolve the paradox is to postulate the existence of a "firewall" inside the black hole horizon which prevents objects from falling smoothly toward the singularity. A fundamental limitation on the behavior of quantum entanglement known as "monogamy" plays a key role in the AMPS argument. Our goal is to study and apply many-body entanglement theory to consider the entanglement among different parts of Hawking radiation and black holes. Using the multipartite entanglement measure called negativity, we identify an example which could change the AMPS accounting of quantum entanglement and perhaps eliminate the need for a firewall. Specifically, we constructed a toy model for black hole decay which has different entanglement behavior than that assumed by AMPS. We discuss the additional steps that would be needed to bring lessons from our toy model to our understanding of realistic black holes.
I. INTRODUCTION AND BACKGROUND
Treating black holes as quantum systems have posed interesting questions about what the fundamental properties of quantum mechanics should be in the context of gravity. The so-called black hole information paradox is the apparent contradiction during the evaporation of black holes through emission of Hawking radiation between the causal structure inherent to black holes and the overall unitarity of quantum mechanics [1] . As an illustration, consider a black hole that begun as an initially pure state 1 . Unitary quantum evolution requires that the evolving state should remain pure at later times assuming no interactions with external systems are present. Inspired by the ideas of Bekenstein and Hawking, black holes can be thought of as thermodynamic systems with a temperature and entropy [2, 3] . They will radiate like a black body and can decrease in size and mass and possibly eventually evaporate away completely. If we consider an initially pure black hole evolving completely into Hawking radiation, then the unitarity of quantum mechanics would seem to imply that the final Hawking radiation state should be pure. However, the process of creating Hawking radiation should be analogous to pair production due to quantum fluctuations. This would seem to suggest the radiation produced should be mixed and due to the casual structure of the black hole, there wouldn't be interactions between radiation emitted early and very late in the black hole's history capable of undoing the mixed property.
Black hole complementarity proposes a resolution of the black hole information paradox which allows a pure final state. The idea is that different causally disconnected observers view different yet complementary pictures which disagree on the location of the information encoded in the matter that created the black hole [4] . Since the observers could not communicate, a contradiction would not be seen by any one observer. In recent years, the debate has shifted; Almheriri, Marolf, Polchinski and Sully (AMPS) presented a simple argument that revealed 2 approaches such as complementarity do not seem to be enough and that a contradiction between the two complementary pictures could be observed [6] . They suggested that the most modest resolution would be preventing information from entering the interior of the black hole during late times by introducing a high energy barrier called a firewall.
The quantum information present in a black hole and its decay products can be explored by studying their entanglement. As demonstrated by Page [7] , to achieve a final pure state of Hawking radiation requires entanglement between early and late radiation in this final state. This late time entanglement constrains the type and level of entanglement present throughout the evaporation process. In particular, AMPS argues that entanglement for late radiation with Hawking modes behind the horizon seems to be forbidden which would result in a breakdown of the field theory vacuum [6] . This argument evokes a well known basic property of quantum mechanics called quantum monogamy which constrains how entanglement can be shared.
Our paper focuses on the role quantum monogamy plays in this problem. In the case of maximal bipartite type entanglement (such as the entanglement present in a Bell pair), quantum monogamy gives a simple con-2 Prior to this, Braunstein et al. came to similar conclusions and described the deviation from vacuum near the horizon as an "energetic curtain" [5] .
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clusion. If system A is maximally entangled with system B then no entanglement can exist between system A and any third system. When deviating from maximal bipartite entanglement, monogamy inequalities limit entanglement with a third system. We use a toy model which deviates from maximal bipartite entanglement for an evaporating black hole to illustrate that we can impose an entanglement structure for early and late times and show entanglement across the horizon is not strictly forbidden. Since any realistic physical system will not absolutely saturate maximal entanglement, our exploration is motivated by the possibility that even extremely small deviations from maximal entanglement for realistic black holes could lead to conclusions very different from those of AMPS.
In this paper we consider the information that originated in the initial state of the black hole becoming encoded in multipartite entanglement. Other authors [8, 9] have stated that tripartite type entanglement naturally arises from black hole evaporation. There are important differences between our work and theirs. The conclusions in [8, 9] are a consequence of how their Hilbert Spaces are constructed and partitioned which differs from what we do in this paper. In particular the difference is due to the nature of their external neighborhood with which the black hole interior remains entangled. Their construction presents a resolution to the information paradox but leads to a firewall-like conclusion. Our different division of Hilbert spaces and construction of black hole and radiation states allow us to make different assumptions about the quantum mechanics of black holes and leads to different conclusions about the nature of the near horizon region. Our work also differs from [10, 11] which involve a separate third system to entangle with while we consider entanglements between radiation subsystems and the black hole without the need of an external system. We argue that our approach suggests a way to avoid firewalls.
Our paper is organized as follows: Section II presents our list of beliefs that we assume to be true of the nature of an evaporating black hole. Section III introduces some basic facts about multipartite entanglement, and contrasts multipartite vs. bipartite entanglement. Section IV sets up our toy model, referencing a toy model from earlier work [10] 3 designed to illustrate the AMPS argument. Section V gives the results of calculating both bipartite and multipartite entanglement measures for the toy model and mentions challenges with interpreting these numbers. Section VI discusses the interpretation of our toy model in the context of the firewall problem. Section VII examines how our results fit into current understanding of the field theory vacuum. We 3 A different approach to a qubit toy model can be found in [12] .
Their work avoids the firewall argument with different assumptions of the form of black hole states and the division of Hilbert spaces.
present conclusions in section VIII, and various technical results in the appendices.
II. PRINCIPLES OF BLACK HOLE EVOLUTION
How the black hole information problem is resolved or remains a problem boils down to what you assume is true of black hole evolution. In this section, we describe what we assume for evaporating black holes and how these beliefs are realized in our toy model. Our assumptions of what black hole evolution looks like far from the horizon mirrors postulates of black hole complementarity presented in [4] .
Postulate 1: The process of formation and evaporation of a black hole, as viewed by a distant observer, can be described entirely within the context of a standard quantum theory. In particular, there exists a unitary Smatrix which describes evolution from in-falling matter to outgoing Hawking-like radiation. Evolution in our model is explicitly unitary which is achieved by preserving the purity of the initial state of the entire system as the black hole evaporates.
Postulate 2: Outside the stretched horizon of a massive black hole, physics can be described to good approximation by a set of semi-classical field equations.
Our toy-model constructed out of qubits is too simple to check if it is consistent with this assumption. There does not seem to be anything that directly conflicts with it though, so we assume that our model does not present any contradictions here.
Postulate 3: To a distant observer, a black hole appears to be a quantum system with discrete energy levels. The dimension of the subspace of states describing a black hole of mass M is the exponential of the Bekenstein entropy S(M ).
We model this with finite Hilbert spaces to describe our evolving black hole system. As it evaporates, the dimension of the subspace of states decreases to coincide with decreasing mass.
Unlike the exterior, The nature of a black hole's interior has not yet been observed. We expect and require the nature of the black hole's interior to be consistent with the assumptions of the exterior that we have listed above. For our approach, we suggest some very non-local behavior occurring in the interior. We expect the standard effective field theory description of pair production near the horizon to fail somewhere (but not necessarily in a way that creates a firewall). We require the horizon to retain some memory of the black hole's history. In order to enforce the proper type of late time entanglement, we wish to transfer the entanglement from the infalling partners to entanglement with the horizon. In our toy model, our black hole interior states do not have a description with any causal or spatial structure. We expect that an extension of our ideas to a more realistic theory with a spatial interpretation of the interior would include very non-local behavior in the interior.
III. MULTIPARTITE ENTANGLEMENT
In this section we present a general discussion of multipartite entanglement. We will use the concepts presented here to motivate and analyze the toy model presented in Section IV.
A common notion of entanglement is defined by inseparability of states. First consider separability for pure states. A pure state living in a product space with a bipartition, A⊗B can always be written using the Schmidt decomposition as:
with bases |i A and |i B for Hilbert spaces A and B respectively and coefficients c i . A state is separable only if the state can be written as a single term in this sum:
for some ψ A and φ B living in Hilbert spaces A and B respectively. The state, |Ψ A⊗B being separable is completely equivalent to the Von Neumann entropy after tracing out system A or B being zero. Otherwise it is inseparable or in other words entangled. For this reason Von Neumann entropy serves as measure of entanglement in pure states with bipartitions. More generally, a state described by a density matrix, ρ A⊗B which describes either a mixed or pure state is separable only if it can be written as:
for some collection of density matrices, ρ A,i for subsystem A and ρ B,i for B and coefficients p i with i p i = 1.
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If there exists no decomposition of this form for a state then that state is inseparable and is therefore entangled. Since there does not exist a sufficiently analogous decomposition to Schmidt decomposition for mixed states, separability can be much harder to check. Also, Von Neumann entropy is known not to be a useful indicator of entanglement between two systems which together are in a mixed state. To understand the entanglement between systems that are parts of an overall mixed state, negativity [13] , entanglement of formation [14] , distillable entanglement [15, 16] , and concurrence [14] are useful quantities to be considered. Among all these entanglement measures, negativity has the benefit of being generally calculable. In this paper we will focus on calculating negativities in our toy models. The technical definition and properties of negativity can be found in Appendix B. The main property of negativity we are interested in is that if the negativity between two subsystems is non-zero then the subsystems are inseparable 5 i.e. entangled. To illustrate some interesting multipartite entanglement properties states can have, consider the W [17, 18] and GHZ [17, 19] states. The W state, when made up of three qubits has the form:
For this state, tracing out any system leaves a mixed state. The nonzero Von Neumann entropy for any single qubit directly implies entanglement between any qubit and the remaining two quits but fails to reveal entanglement between any two qubits (because any two qubits together are always in mixed state). The interesting property of this state is its maximal entanglement "robustness" [20] meaning it retains the most entanglement after "disposal" (tracing out) of one qubit for three qubits systems. After tracing out one of the qubits, the negativity [13] between the remaining two qubits is nonzero. This means one qubit in the W state concurrently shares entanglement with each other qubit individually.
Compare this to the GHZ state:
Like the W state, for the GHZ state each qubit exists in a mixed state. However unlike the W state, after tracing out any one qubit, the negativity of the remaining two qubits is zero. Furthermore, after tracing out a qubit, you are left with a density matrix in the form of Eqn. 3 meaning the remaining two qubits are also completely separable. In other words, when any one qubit is traced out, no entanglement remains between the other two qubits; In the GHZ state, entanglement exists between each single qubit and the remaining pair of qubits but no entanglement exists between any pair of qubits.
States like these motivated us to study shared entanglement structures in the context of the black hole information problem. We use negativity to reveal the existence of entanglement between particular subsystems for a toy model of an evaporating black hole and its radiation.
IV. TOY MODEL SETUP
We will use a simple toy model similar to the ones used in [10] . In this section we will first describe how the Hilbert spaces are divided and quantum states are described, then we will describe the time evolution and follow up with specific information about the models. The first toy model in [10] illustrates the black hole information problem and firewall argument by describing the entanglement with collections of Bell pairs of qubits. Here we will refer to that toy model as the Firewall toy model. We compare this to an analogous toy model created for this paper with a different entanglement structure which we will refer to as the Multipartite toy model. For both models, the black hole and all the radiation are represented by six qubits. We keep the size of the entire Hilbert space constant, always dimension 2 6 . At each time step we reassign the degrees of freedom of the Hilbert space to either black hole degrees of freedom or Hawking radiation degrees of freedom. We begin the black hole in a pure state and describe the evaporation by giving the toy model state at seven specific points in time.
6 Each time step describes one Hawking qubit being emitted from the black hole. For our analysis at each time step we will partition the system into 3 parts: black hole (BH), just emitted particle (JR) and other radiation (OR) and examine the entanglement between them. An illustration of the assigning of qubits to either describe the black hole or the decay products at each time step is shown in Fig. IV . The Firewall toy model explicitly demonstrates the conflict of trying to simultaneously enforce overall unitary time evolution (which results in entanglement between early and late radiation) and trying to enforce "no drama" at the horizon (which would require entanglement across the horizon region as seen by an infalling observer). These two properties seem to be in conflict because of quantum monogamy and no cloning theorems which are key properties of quantum mechanics. If a qubit is maximally entangled with another qubit (thus forming a Bell pair), then neither qubit can share any entanglement with another system. In the Firewall toy model examining the bipartite entanglement suffices to demonstrate the conflict.
In the Multipartite toy model, we do not force the qubits to appear in parts of Bell pairs. We allow the newly emitted Hawking qubit to share multipartite entanglement with the black hole system and radiation system. Multipartite entanglement offers a richer structure of entanglement sharing and we will see the conclusions of forbidden entanglement across the horizon for late times no longer holds.
The full 2 6 dimensional Hilbert space, U is described by six qubits (labeled A through F ) as:
As the black hole evaporates, qubits are reassigned from describing black hole degrees of freedom to radiation degrees of freedom (they are emitted in reverse alphabetical order). At each time step, our tripartition looks like:
using our subdivision into Black Hole (BH), Just Radiated (JR) and Other Radiation (OR). The specific qubits that describe each subsystem changes with each time step (as shown in Fig. IV) .
To get an idea of what the states look like, consider an example state in the Firewall toy model at time 3 (two particles have radiated away) 7 . The state of the system at this time contains Bell pair-like bipartite entanglement between the JR particle and BH:
In these states, the numbers in the kets enumerate the basis vectors of the subsystem. Here we can explicitly see entanglement between the JR and BH subsystems. Entanglement between the OR and JR⊗BH is also present but due to the symmetry in the JR elements, no entanglement between JR and OR exists (they are completely separable).
In the Multipartite toy model, we impose a more complicated entanglement structure at time 3:
Here we write the state as a linear combination of states where the JR system is maximally entangled with the OR system and a state where the JR system maximally entangled with the BH system. The combination comes with arbitrary (up to normalization) coefficients a and b. Here as long as neither coefficient is 0, there exists some level of shared entanglement between the three systems (under certain measures). In this case there does not exist maximal bipartite type entanglement between any two of these three subsystems.
In both toy models, the JR qubit comes out maximally mixed (with Von Neumann entropy 1). In the firewall toy model, a JR qubit comes out completely entangled with the BH for early times and for late times switches to coming out completely entangled with OR. In the multipartite toy model, at every time after time step 3, the emitted JR qubits come out with shared entanglement between OR and BH.
At the core of the black hole information problem, is difficulty trying to enforce overall unitary evolution for black hole evaporation. Fundamentally, unitary evolution is just an inner product preserving and onto mapping of states. Within each toy model, we only examine one example evolution for some chosen initial state. Our overall evolution looks something like:
In principle, we could have created a Hamiltonian to generate such time evolution. In this work, we are not interested in the form of the Hamiltonian but instead the entanglement properties of the states as the system evolves. Violating unitary evolution would involve evolving an overall pure state into a mixed state. We enforce unitarity by writing a list of states that remain pure for the entire history of our system. From the perspective of a stationary observer outside the horizon, we require the evaporation process to only involve local unitary interactions. We will take that to mean that quantum entanglement can only change when a Hawking quantum is just leaving the horizon due to interactions that occur there. This means that new entanglement can be generated between BH and JR as a new Hawking quantum is created. Also, the entanglement between the BH and JR systems can transfer to entanglement between BH and OR and entanglement between OR and BH can transfer to entanglement between OR and JR due to the shifting of quanta from one category to another (specifically, quanta used to describe BH becoming JR quanta and JR quanta becoming OR quanta). In our toy model, the density matrices of every combination of previously emitted radiation (i.e. all radiation other than the just emitted particle) are forced to remain unchanged for all subsequent time steps. This restriction is somewhat stronger than is absolutely necessary since the only important constraint is that the eigenvalues of these density matrices do not change. We treat the black hole in this toy model as a "black box". As the system evolves, we do not explicitly know what the quantum nature of the black hole truly is other than some very coarse grained properties such as the Hilbert space dimension it lives in and its Von Neumann entropy. There in principle could be some very non-local behavior in the interior.
To see how this works explicitly, we will first illustrate an example of going from time step 3 to time step 4 in the Firewall toy model (which is easier to eyeball than the Multipartite toy model). Starting with our system at time 3, in the state described by Eqn. 8, we evolve to time state 4, by shifting the qubits used to describe each system. Going from time 3 to time 4, the size of the black hole has decreased and the number of radiated particles has increased. We model that by having the states that described the black hole (BH, 3) at time step 3 become states that describe the black hole (BH, 4) and the newly emitted particle (JR, 4) at time step 4. This is done by writing the basis for (BH, 3) in terms of (BH, 4) and (JR, 4):
Here we include an additional subscript label, which enumerates the time step (in this case for time 3 and time 4). The change of basis written above prescribes what the next time state will be, based on the previous time state. The choice of basis change we have made is written in a convenient basis and results in a particular entanglement structure. Making different choices of this basis reassignment is effectively implementing different types of interactions at the horizon and results in differing resulting entanglements. The remaining parts of the system at time 3, (JR, 3) and (OR, 3) will also need to have a qubit reassigned to (OR, 4) at time 4 as Eqn. 13:
This mapping should be thought of differently than Eqn. 12. The particle emitted at time step 3 is lumped into the (OR, 4) subsystem by time step 4. There are no interactions here (and no change in entropy) so this evolution can be thought of as just relabeling. In general we could have evolved the state through trivial phase rotations without introducing interactions but for simplicity we freeze the evolution when no more interactions occur.
We plug in these changes of basis given by Eqn.12 and Eqn.13 into the state we had previously written for time
The overall process is unitary since the entire state remains pure.
To reiterate, we realize locality by only allowing interactions to occur as the just emitted particle leaves the horizon. During early time evolution, entanglement is created between the black hole and the just radiated qubit. During the late time evolution, the newly emitted qubits become entangled with the earlier radiation. This does not occur due to interactions with earlier radiation but instead relabeling black hole degrees of freedom as new radiation degrees of freedom. In other words, what was previously entanglement between earlier radiation and the black hole becomes entanglement between earlier radiation and new radiation. Now that we have described the rules for how future time states are constructed, we will now describe key features of the Firewall and Multipartite models. Both models begin with a pure quantum state only describing a black hole. Each time a state describing the next time is generated in the Firewall model, the basis change for the BH system takes the form of Eqn. 12. Each basis vector of BH is mapped onto a state that takes the form of a Bell pair between the new JR particle and a subspace of the new smaller BH system. This evolution ensures that the final state at the end of evaporation is entirely comprised of pairs of quanta in Bell-pairs, each exhibiting maximal bipartite type entanglement. Our Multipartite model does not have this constraint imposed on its evolution. The most general form that for remapping of basis vectors, |k BH,3 can take are:
with the a k i,j coefficients chosen such that the basis vectors remain orthonormal. Particular choices for these coefficients will result in non-trivial multipartite entanglement structure in the final state of radiation.
A detailed list of our states for the time evolution can be found in Appendix D. Even for this small and simple system, by late times the form of the states grow increasingly complex and it becomes difficult to intuitively see the entanglement. When choosing these states we used a combination of intuition, trial and error and exploring the space of coefficients with a computer. We recommend that the reader first consider the general analysis of the properties of our toy model states presented in the following section before looking at the details presented in the Appendix D.
V. RESULTS
The measures we use in this paper are Von Neumann entropy and negativity, each of which measures different aspects of entanglement. First we calculated Von Neumann entropies for the BH, JR and OR systems through the black hole's evaporation in Table I . The dashes in Table I (as well as Tables II and C) imply non-existing Von Neumann entropy values since the subsystems aren't defined at those times. For example, in the first time, since there is no subsystem JR and OR, thus Von Neumann entropy of JR and OR are not well defined.
The upper bound on Von Neumann entropy is given by:
where D is either the dimension of the measured subsystem or the rest of the space which forms a purification with the measured system, whichever is smaller. For every time, when a new Hawking qubit is radiated (subsystem JR), the emerging qubit is always maximally mixed, with the rest of our system serving as its purification. This can be seen from Table I , where the Von Neumann entropy for subsystem JR always numerically saturates the maximum (log 2 (2) = 1) for a Hilbert space of dimension 2. We enforced this property when choosing states for our toy model since this reflects what we expect from the pair production process. Fig. V shows that the entropy of BH grows until the Page Time (time 4 in our system), after which it decays until the end of evaporation. This mirrors the well known curve found by Page in [7] . Von Neumann entropy demonstrates how mixed each subsystem is at each time but since combinations of subsystem are mixed, the entropy will not state which subsystem is entangled with which. The question of whether or not a firewall exists depends on entanglement. Here we consider multipartite entanglement across the horizon region which Von Neumann entropy of BH does not reveal but negativity can.
In At all times including the Page time, when negativity values between BH and JR are defined, negativity between BH and JR is nonzero. As it stated earlier, nonzero values of negativity always means the subsystems are inseparable. Our main result is that we find entanglement between BH and JR for the entire history of evaporation. This differs from the AMPS's expectation that after the Page time, entanglement between BH and JR should be forbidden. Further intuition about negativity is developed in Section C, relating our results to [5] and comparing negativity values between the Multipartite and Firewall toy models.
However there are limits to what negativity can teach us. Because no upper bound for negativity in a mixed state is known, the specific meaning of a finite nonzero value is unclear. Therefore, attempting to compare negativity values from different time steps can be misleading. The changing dimensionality of subsystems for different time steps surely adds to this uncertainty. Additionally, special states called "PPT"states have entanglement even though they have negativity equal to zero [13] .
A good way to move forward despite these confusing aspects of negativity would be to compare the multipartite entanglement existing across the horizon in our toy model with the entanglement in a realistic field theory that could give some physically meaningful point of reference. In the remainder of this paper we explore what such a comparison would entail.
VI. DISCUSSION
Answering the question of whether or not there is a firewall involves asking what is seen by an observer falling into the black hole. The classical GR result is that an infalling observer would not see the horizon as a special location, looking no different than flat space which is in part a consequence of the equivalence principle. Naively, a proper treatment of quantum gravity would not seem to change this result since for suitably large black holes the energy scale set by the curvature near the horizon is far below the Planck scale and the usual expectation is that classical GR should apply. However, AMPS would argue that any attempt at black hole complementarity would fail at late times and no vacuum-like field theory description can be found in the interior of the black hole due to entanglement that already exists outside the horizon between early and late radiation preventing entanglement across the horizon. In our Multipartite toy model, we have created an example for the time evolution where an infalling observer can find entanglement across the horizon and a complementary description could possibly exist. This is however a single example for the time evolution, and without more knowledge of how black hole evaporation should look on the quantum level, we cannot make any claims that this evolution would be typical 8 . Furthermore, we don't know how the results from our toy model generalize to an actual field theory description. A well-known property of the vacuum in field theory is its purity and the presence of entanglement. Although our work does not address restoring the purity 9 that is typically assumed for the vacuum state, we have considered a new entanglement structure that differs from the firewall literature. Our multipartite model does not offer maximal bipartite type entanglement between quanta leaving the horizon and those falling in. To see how this could differ from the field theory vacuum state, we would want to know how our proposal would change the energy per field mode vs. the ground state. Even a small change per mode could give a divergent total effect, which would restore the original arguments of AMPS 10 . Answering these questions is crucial for our ideas to be important to the actual black hole firewall problem and requires more technical work than we offer at this point. Still, we offer some further reflections on this issue.
VII. FIELD THEORY VACUUM ENTANGLEMENT
In this section, we discuss how our results fit into current understanding of vacuum entanglement. First, for an operational description of the nature of entanglement in ground states, we will state some well known results in flat space. If an observer falling into a black hole did actually encounter the vacuum (or some close approximation) in the horizon region, then we would expect the same properties to be present. First is the presence of entanglement in Unruh radiation. Unruh radiation is analogous to Hawking radiation for accelerating observers in flat space. If two uniformly accelerated observers accelerated in opposite directions with the same acceleration, they would encounter pairs of entangled particles. These observers could generate entanglement between each other despite being outside of each other's lightcones and therefore not causally connected. The interpretation is that the observers are harnessing already existing entanglement from the vacuum state in flat space. Through this construction, a pair of observers could create Bell pairs which could suggest Bell pair-like entanglement could be inherent to the vacuum. Also, [24, 25] have proposed various experiments which could extract multipartite type entanglement structures (like GHZ states) analogous to the Bell pair extraction process just described. These appear to make the case for a more complicated multipartite entanglement structure of the vacuum. However, because we have not made a clear connection between our toy model and field theory, we are unable to argue that the multipartite entanglement considered in [24, 25] is "the same as that exhibited in our toy model. 9 A possible extension to our work would be to create a complementarity scheme that explicitly restores purity such as taking states from or analogous to those in our multipartite model and remapping them for an infalling observer to construct a pure vacuum state. 10 We thank Steven Carlip for bringing up this point to us.
Entanglement in the ground state is also revealed using the path integral formulation for quantum field theory and is applicable to CFT's. In this formulation density matrices can be constructed and represented as path integrals. When tracing out regions of space, the remaining density matrix will have a Von Neumann entropy that scales with the area dividing the region [26] . As we have stated earlier, Von Neumann entropy is a useful measure of mixedness of a state as well as measuring entanglement across a bipartition for an overall pure state, but does not reveal all aspects of entanglement. Calculating other measures of entanglement in this formulation is much more difficult although negativities have been calculated in 1+1D CFT's [27] .
In all of these constructions, it is difficult to fully explore all the properties of multipartite entanglement in field theory. Even in analogous and much simpler qubit systems, multipartite entanglement isn't fully understood for systems of n qubits. The main emphasis of the AMPS argument is that the entanglement required between early and late radiation prevents entanglement across the horizon due to quantum monogamy and no cloning theorems. Quantum monogamy is simple to state for maximal entanglement for a bipartite pure state (e.g. a Bell pair). However these considerations are not completely general. For non-maximal multipartite entanglement for mixed states, quantum monogamy inequalities [28] exist for various entanglement measures which limit entanglement, but do not strictly forbid the entanglement we are interested in.
One approach to the firewall question is to ask what is expected of the final state of the hawking radiation. The relevance of entanglement observed in this final state to the firewall problem can be seen by time evolving back the radiation's evolution to when it was just leaving the horizon. The question can be posed as what properties of the final state's entanglement say about the state of the quantum fields near the horizon region at an earlier time. Inspired by the discussion in [13] , we ideally might want to translate the question of how to restore the vacuum near a black hole's horizon into language that addresses, for example, the extent to which pure state entanglement can be extracted from infinitely many copies of the state. A concrete question like this would allow us to choose measures that have a given physical interpretation such as "entanglement of formation", "distillable entanglement", etc. which could illuminate further the nature of the vacuum. However, the above translation is not straightforward and these measures are generally difficult to calculate.
VIII. CONCLUSIONS
In our toy model we constructed a history of states to model the evolution of a black hole. The method of state construction has ensured the state of the whole system remains pure, and enforced the evaporation process to only involve local unitary interactions. By introducing a multipartite entanglement measure, entanglement sharing among black hole and different parts of radiation can be measured. Our analysis has shown entanglement between the black hole and the qubit just radiated from the black hole for the entire history of evaporation. This differs from the AMPS's expectation that after the Page time, entanglement among these systems should be forbidden.
Our very simple toy model explicitly shown entanglement across the horizon region isn't strictly forbidden. However, it is unclear how this result translates into an actual field theory description. Because of the limitations of our toy model, we cannot claim at this point that we know that a more realistic model could have enough entanglement or even the right type of entanglement to restore the expected properties of the field theory vacuum near the black hole. We also do not explicitly offer a scheme to restore the vacuum's purity which may be the more important property of the vacuum than the entanglement. This paper is meant to show a possible loophole in the AMPS argument. For a complete and proper treatment, we would want to extend this toy model to one more like a field theory. With a more realistic model, we could imagine time evolving back the hawking radiation and identifying what types of states you would have near the horizon for an infalling observer, thus potentially achieving insights into the firewall problem.
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Appendix A
In these Appendices we address several topics supporting the main points of the paper. Appendices B and C define and develop the ideas of negativity, and Appendix D gives detailed information about our toy model.
Appendix B: Negativity
Negativity is an entanglement monotone meaning that it does not increase under local operations and classical communication. As discussed in [17] , negativity may thus be considered an entanglement measure. As an illustration we can construct mixed state systems by first considering a pure state in a Hilbert space which is a product of three smaller spaces:
Tracing out system C, leaves density matrix ρ A⊗B .The negativity of A, B for the state, ρ A⊗B is given by:
where the trace norm ρ
is the sum of the absolute values of the eigenvalues λ i of ρ
B is the partial transpose of B respect to A. The Peres -Horodecki criterion states that to have a state separable it is necessary the partial transpose of ρ has only non-negative eigenvalues [29] . If the partial transpose of ρ has any negative eigenvalues then the state is necessarily inseparable. The trace norm measures how much ρ T A A⊗B fails to be positive [29] . Therefore if negativity is nonzero, then there is definitely entanglement. However, negativity being zero does not imply no entanglement. There exist a class of entangled states with zero negativity said to be PPT bound entangled states [13] . Thus it can be difficult to extract precise physical meaning from the measured value of negativity. It has been noted that negativity places a bound on the degree to which a single copy of the state ρ can be used to perform quantum teleportation together with local operations and classical communications [13, 18] . For our purposes in this paper we are mostly interested in its ability to identify when entanglement is present. We have also calculated negativities for the Firewall toy model which is analogous to the first toy model in [10] . This model is constructed with a final radiation state has each pair of qubits appearing in a Bell-pair. From the form of the states, it can be explicitly seen that entanglement exists between BH and JR until the Page Time (time 4), after which there is no entanglement present. This is consistent with the negativities shown in Table C , where the negativity of BH and JR is nonzero prior to time 4 and then is zero after time 4. We remind the reader that trying gain more insight from comparing these values with TableII can be misleading for the reasons listed in Sec.III.
Appendix D: Time evolution of the multipartite model
Our method for generating time evolution is based on the change of basis that we introduce once a qubit shifts from describing a black hole system to the radiation system. Section IV, illustrates the way the new basis is used to construct the time evolution. The choice of basis dictates what the entanglement will look like for the subsequent time state. We wanted to create states that produced a JR qubit that was maximally mixed as well as having non-zero negativity between JR and BH (As explained in IV). Finding a basis that accomplished this grew increasingly difficult as the states got more complicated and required some trial and error. All mappings up till time 4 were done by hand, taking advantage of symmetries in the form of the states to find the types of states that matched our criteria Getting states for time 5 and 6 were too difficult to do by hand, so the states were found by varying parameters in the basis vectors with a computer program. The program is able to generate random orthonormal bases and do systematic mappings from one time to the next. Among the many mappings it generated, the program can select the set of states that have interesting negativities and have all the conditions we want to enforce to assure the evolution to be physical.
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In this section we give a detailed description of the toy model state at each of the discrete time steps 1-7. At each time the state is a pure state, thus ensuring unitary time evolution for the whole system. Several key features have already been presented in Section IV. These include the way we enforce locality by limiting which subsystems interact, and how we use basis mapping as a tool to generate the state at the N th time step from the state at the (N −1) th step. The detailed process of the time evolution of the multipartite model is as follows:
The first time state is trivial, and is written
The second time state is given by
where |0 BH,2 is the 0 th basis state for the black hole subsystem at time 2,etc. Notice that there is nothing in OR subsystem at time 2.
The i th black hole basis state |i BH,2 at time step 2 evolve into states that describe the black hole (BH, 3) and the newly emitted particle (JR, 3) at time step 3. This is done by writing the basis for (BH, 2) in terms of (BH, 3)
where the values of coefficients are assigned to be
We plug in this unitary change of basis into the state we had previously written to get the third time state: 
We plug this unitary change of basis into the time 3 state to get the toy model state for time 4. Due to the increasing complexity of the expressions, for time steps 4 and higher we only give the basis mappings, and do not explicitly present the outcome of the substitutions. The information we do provide is sufficient to fully reproduce our results.
The mapping from time 4 to time 5 is |0 BH,4 = c 0,00 |0 BH,5 0 JR,5 + c 0,01 |0 BH,5 1 JR,5 + c 0,10 |1 BH,5 0 JR,5 + c 0,11 |1 Each of the term associate with a coefficient c i,j . If coefficients c represented as matrix, the values are assigned as the following: 
